ON A^FUNDAMENTAL GROUPS OF ISOTROPIC REDUCTIVE 
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Abstract. We discuss A 1 -fundamental groups of isotropic reductive groups. 
Using homotopy invariancc of group homology in one variable, we identify the 
sections of A 1 -fundamental group sheaves of an isotropic reductive group G 
over an infinite field k with the second homology group of the group G(k). This 
provides explicit loops representing elements in the A 1 -fundamental groups. 



Contents 

1. Introduction 

2. Preliminaries 

3. On the affine Brown-Gersten property for the Nisnevich topology 

4. The affine Brown-Gersten property for isotropic reductive groups 

5. The second homology as fundamental group 

6. Explicit description of loops and relations 

7. The Steinberg relation from A 1 -homotopy theory 1C 
References 12 



1. Introduction 

This paper can be considered a sequel to the computation of A^fundamental 
groups of Chevalley groups of rank > 3 in WcnlO . In the present work, we improve 
these results in two directions: on the one hand, we go from the split to the non-split 
case and identify the A^fundamental groups of isotropic reductive groups of rank 
> 2. On the other hand, we give more precise information on the A 1 -fundamental 
groups in the split case by providing explicit loops representing elements in the 
A 1 -fundamental groups. These results are made possible by Stavrova's proof of 
homotopy invariance for K\ of isotropic reductive groups [Stall] , and by homotopy 
invariance for homology of linear groups |Wenll) . 

More precisely, we prove the following, cf. [Proposition 4.1| and [Proposition 573} 

Theorem 1. Let k be an infinite field and let G be an isotropic reductive group 
over k, such that each almost simple component of G has k-rank > 2. Then there 
is an isomorphism 

irf(G)(k)=H 2 (G(k),Z). 

In the case of split G, the isomorphism can be described - it maps symbols in 
Milnor(-Witt) K-theory to explicit loops whose construction is a homotopy trans- 
lation of the definition of symbols, cf. Section [6] Moreover, the above result allows 
to explicitly relate the Steinberg relation in K 2 and the Steinberg relation in the 
A 1 -homotopy category, cf . Section [7] 
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In the case of non-split G, presentations of the groups i?2(G(fc), Z) are not gen- 
erally available in the literature except the case of G = SL n (D) in [Reh78 ( Reh86] . 
In this case we get a new interesting example of a strictly A 1 -invariant sheaf of 
abelian groups - the Milnor-Witt K 2 associated to a central simple algebra. We 
intend to return to the computation of H2(G(k), Z) in a sequel to this work. 

Structure of the paper: We recall some preliminary definitions from A^homotopy 
theory in Section [21 We also provide a short discussion of the affine Brown-Gersten 
property for the Nisnevich topology in Section [21 In Section [SI we recall homotopy 
invariance for linear groups and use it to identify the second homology of a linear 
group with the fundamental group of the singular resolution. Finally, we discuss 
some consequences in Section [5] and Section [7] 

Acknowledgements: The results presented here originate from the first named 
author's Diplomarbeit at the Albert-Ludwigs-Universitat Freiburg. The first named 
author acknowledges support by the DFG-Forschergruppe 570 "Algebraic cycles 
and L-functions" . We would like to thank Nikolai Vavilov for pointing out the 
importance of |TW02j . 

2. Preliminaries 

2.1. A 1 -homotopy. We record some preliminary statements on A 1 -homotopy the- 
ory. The definition of A 1 -homotopy theory is due to Morel and Voevodsky, cf. 
MV99 . Although its definition can be considered over fairly arbitrary schemes, 
there are now more powerful tools available to study A 1 -homotopy when the base 
scheme is a field, cf. [Mori 2) . 

We will assume throughout the text that the base scheme is Spec k 
for k an infinite field. 

The construction of A 1 -homotopy theory starts with the category of smooth 
schemes Snifc over k, equipped with the Nisnevich topology. This topology is gen- 
erated by elementary distinguished squares of the form 

U x x V > V 

P 

u > X 

i 

where i is an open immersion and p is an etale morphism which restricts to an 
isomorphism over the complement of U in X . One then considers model structures 
on either the category A op Shv(Smk) of simplicial sheaves on Smfc or the category 
A op PShv(Snik) of simplicial presheaves on Smfc. Both approaches yield equiva- 
lent homotopy categories, cf. [Jar00[ Theorem B.6]. There is a model structure 
on A op PShv (Sm^.) whose cofibrations are monomorphisms, weak equivalences are 
those morphisms which induce weak equivalences of simplicial sets on the stalks and 
fibrations are given by the right lifting property. There is another model structure 
on A op PShv(Smk) which is obtained from the previous by Bousfield localization 
at A 1 . The homotopy category of the A 1 -localized model structure is called the 
A 1 -homotopy category. 

For a simplicial presheaf X on Smfc, we denote by Ex^? X its fibrant replacement 
in the AMocalized model structure. For a pointed simplicial presheaf X , we can 
define presheaves of A 1 -homotopy groups by setting 

■k^ 1 (X, x) : (U G Sm fe ) ^ tt„ ((Ex£ X) (U),x) . 

We next recall the singular resolution of presheaves on Smfc which appeared for 
linear groups in [Jar83 . It also appears in |MV99j as part of an "explicit" fibrant 
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replacement functor in the A 1 -model structure, in which context it is also called 
the Suslin-Voevodsky singular construction. 

Definition 2.1. Let k be a field. There is a simplicial k-algebra k[A'], whose 
n-simplices are given by 

k[A n ] = k[x ,...,x n y ^Xi-ij 

and whose face and degeneracy maps are given by 

!Xj j < i ( A , j i 

j = i , s l {X j )= I Xi + X i+ i j = i . 
Xj-i j > i [ X j+ i j > i 

The cosimplicial scheme Spccfc[A*] forms a standard cosimplicial object in Sm^. 
For a presheaf F on Sm^, the singular resolution Sing* (F) of F is defined as (the 
sheaf associated to ) the presheaf 

U i ^ F(A' x U). 

For a commutative smooth fc-algebra A, we alternatively denote the simplicial 
set of sections Sing* 1 (F) (Spec A) by F(A[A'}). 

2.2. Isotropic reductive groups. We state some preliminary facts about alge- 
braic groups, cf. |Bor91i. 

We will only consider smooth reductive linear algebraic groups, 

defined over a field k. 
For a commutative unital /c-algebra R, the (abstract) group of i?-points of the 
group scheme G is denoted by G(R). We recall the definition of "the" elementary 
subgroup in G(R), cf. [PS09] . 

Definition 2.2 (Petrov-Stavrova). Let G be a reductive group over a commutative 
ring R. Let P be a proper parabolic subgroup with unipotent radical U p and Levi 
subgroup L p . Denote by P~ the unique parabolic opposite to P with respect to Lp 
and by Up- its unipotent radical. The elementary subgroup Ep(R) corresponding 
to P is the subgroup of G(R) generated by Up(R) and Up-(R). 

A reductive group G over a commutative ring R is called isotropic if for any 
maximal ideal m C R all irreducible components of the relative root system of Gp m 
are of rank at least 2 . 

Over a field, this definition goes back to Tits, cf. |Tit64j . and it is usually denoted 
by G(k) + . We recall some results on elementary subgroups of isotropic groups: 

Theorem 2.3 (Petrov-Stavrova, |PS090 . Let G be an isotropic reductive algebraic 
group over a commutative ring R. Then Ep(R) does not depend on the choice of 
P, and in particular E{R) = Ep{R) is normal in G(R). 

Theorem 2.4 (Luzgarev-Stavrova, LS10]). Let G be an isotropic reductive alge- 
braic group over a commutative ring R. If one of the irreducible components of the 
absolute root system of G is of type E>2 or Gi, assume in addition that no residue 
field of R is isomorphic to F 2 . Then E(R) = [E(R),E(R)]. 

Using the description of the elementary subgroup, root subgroups and commu- 
tator formulas, it is also possible to give a definition of the Steinberg group: 

Definition 2.5. Let G be an isotropic reductive group over a commutative ring 
R. We define the Steinberg group St G (i?) to be the abstract group generated by 
elements Xa(u), u G Va{R) subject to the commutator formulas from [PS09] . 
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Note that from this definition it is not obvious that the Steinberg group is a 
central extension or that it is the universal central extension. In fact, the coun- 
terexamples in [Wenl2 show that even for split rank two groups, the Steinberg 
group fails to be central over the elementary subgroup. We will not need assertions 
like centrality in the sequel, but note that in the field case, the following result, 
which is interesting regarding [Proposition 5 ."3} was proved in |Deo78] . 

Proposition 2.6. Let k be a field with at least 16 elements and let G be an isotropic 
simply- connected absolutely almost simple algebraic group. Then St (fc) — > E(k) is 
the universal central extension. 

3. On the affine Brown-Gersten property for the Nisnevich 

topology 

This section provides some information on the affine Brown-Gersten property 
for the Nisnevich topology. This is a helpful tool for computing (pre-)sheaves of 
A 1 -homotopy groups, or at least their sections over smooth affine schemes. The 
affine Brown-Gersten property was introduced and studied in [M ori 2] . We recall 
the definition from [Mori 21 Definition A. 7]. 

Definition 3.1. Let F be a simplicial presheaf on the site Sm^ of smooth schemes 
over k, equipped with either the Zariski or the Nisnevich topology. 

The presheaf F has the affine Brown-Gersten property if for any distinguished 
square 

Ux x V > V 

3 

U > X 

i 

with U, V, X affine, the induced square 
F(X) > F(V) 

I I 

F{U) > F(U x x V) 

is a homotopy cartesian square in the model category of simplicial sets. 

The presheaf F has the affine A 1 -invariance property if for all smooth affine k- 
schemes U, the morphism F(U) — > F(U x A 1 ), which is induced by the projection 
pr\ : U x A 1 — > U , is a weak equivalence of simplicial sets. 

The affine replacement of F is defined as the presheaf 

F a f : X ^ hohm yeSmf /x Ex oc (F(r)) 

where the homotopy limit ranges over all affine schemes over X and Ex°° is a 
functorial fibrant replacement in the model category of simplicial sets. 

The affine Brown-Gersten property is used to compute A 1 -homotopy groups. If 
a simplicial presheaf has the affine Brown-Gersten property, then the sections of the 
homotopy presheaves over smooth affine schemes can be determined as homotopy 
groups of the sections, without the necessity for a fibrant replacement. In the 
Zariski topology, this result was proven in [Mori 2) , cf. also | Wen 10) : 

Proposition 3.2. Let S be an affine scheme, and let F be a presheaf on the cate- 
gory Sms that has the affine A 1 -invariance property and the affine Brown-Gersten 
property, cf. \Definition 3.1\ Then the affine replacement of F satisfies the Brown- 
Gersten property for the Zariski topology on Sing. Moreover, the fibrant replacement 
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Ex°° F of F (in the non- A 1 -localized model structure on simplicial presheaves) is 
A 1 -local and we have weak equivalences 

F(U) -> ExS, Zar (F)(C0 

for any smooth affine U . 

In the Nisnevich topology, such a result is not known at the moment. In |Morl21 
Theorem A. 11], a version of the result above was proved for the Nisnevich topology 
for simplicial presheaves of groups over a perfect field. We provide here a more 
general version for simplicial presheaves over infinite fields. In fact, we use a re- 
sult from |CTQ92) comparing Zariski- and Nisnevich-topology to deduce the result 
about affine replacement in the Nisnevich topology from the corresponding result 
Proposition 3.2| for the Zariski topology. 

We first note that the following is a consequence of the formalism developed in 
|CTQ92[ Theorem 1.1]. 

Proposition 3.3. Let k be an infinite field, and let X be a simplicial presheaf on 
Snifc. Assume that X satisfies the following properties: 

(Pa) X satisfies the affine Brown- Gersten property for the Nisnevich topology, 
(Pb) X satisfies affine A 1 -invariance, and 

(Pc) for each finitely generated field L over k, which is a residue field of a point 
of a smooth affine scheme over k, the simplicial set ^(Speci) is weakly con- 
tractible. 

Then X is weakly contractible. 

Proof. First note that the presheaves of simplices X n are defined only on the cate- 
gory of smooth schemes of finite type over X, and are extended to the category of all 
commutative fc-algebras by setting X(A) := colim^ ^(SpecAj) where the colimit 
ranges over all finitely generated fc-subalgebras of A. Note that simplicial spheres 
are w-small in the category of simplicial sets. This implies that homotopy groups 
commute with directed colimits, in particular an element a € 7r„(<Y)(Spec A$) for 
S an arbitrary multiplicative subset in A already comes from Tr n (X)(Spec Af) for 
some / G S because only finitely many denominators are necessary to define a. 
These remarks imply that condition (PI) in [CTQ92) is automatically satisfied for 
presheaves of simplicial homotopy groups of simplicial presheaves (or more precisely 
its extension to the category of commutative /c-algebras) . 

Under the assumptions (Pa)-(Pc), the presheaves of simplicial homotopy groups 
of X then satisfy all the conditions of [CTQ921 Theorem 1.1]. Therefore, the stalks 
of the homotopy group sheaves of X at all local rings of smooth schemes are trivial, 
so X is weakly contractible. □ 

Corollary 3.4. Let k be an infinite field, and let X be a simplicial presheaf on 
Smfc. Assume that it satisfies the affine Brown-Gersten property for the Nisnevich 
topology and affine A 1 -invariance. Then the following assertions hold: 

(i) The morphism 

Ex A\Zar % ~> Ex A*,Nis X 

is a weak equivalence of fihrant simplicial presheaves in the Zariski topology, 
(ii) The simplicial presheaf Ex™i Zar X is fihrant for the Nisnevich topology. 
(Hi) For any smooth affine scheme U over k, the canonical morphism 

X(U)^Ex^ <Nis X(U) 

is a weak equivalence of simplicial sets. 
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Proof, (i) We factor the morphism 

Ex Ai,Zar X X -> Ex A\Nis X 

as a trivial cofibration followed by a fibration, in the model structure defined by 
the Zariski topology. To obtain the result, it suffices by 2-out-of-3 to show that the 
fibration is in fact a weak equivalence. This in turn is equivalent to show that the 
homotopy fibre is weakly contractible. The homotopy fibre now is a Zariski-fibrant 
simplicial presheaf which by |Proposition 3."2| satisfies the affine Brown-Gersten prop- 
erty for the Nisnevich topology and affine AMnvariance. Since fields do not have 
nontrivial Zariski or Nisnevich covers, the morphism considered induces weak equiv- 
alences 

Ex^Zar^Speci) -=* <?(SpccL) Ex^ Nis ^(Spec L) 
for all finitely generated fields L/k which are residue fields of points of smooth affine 
schemes over k. Therefore, X satisfies the conditions of [Proposition 3.3| and hence 
is weakly contractible. This proves assertion (i). 

(ii) By construction, both simplicial presheaves are fibrant in the Zariski topol- 
ogy, hence have the Brown-Gersten property, cf. [MV921 §3, Remark 1.15]. By 
[BG731 Theorem 1], assertion (i) implies that for each smooth scheme U over k, the 
induced morphism 

Ex% >Zat X(U) -+E^ ms X(U) 

is a weak equivalence of simplicial sets. Therefore, Ex^? Zar X(U) has the Brown- 
Gersten property for the Nisnevich topology, hence it is fibrant for the Nisnevich 
topology, cf. [MV99| . 

(iii) The assertion follows from the weak equivalence in (i) together with |Proposition 3.2| 

□ 

4. The affine Brown-Gersten property for isotropic reductive 

GROUPS 

For an isotropic reductive group G over an infinite field k, the singular resolu- 
tion Sing* (G) has the affine Brown-Gersten property in the Nisnevich topology. 
Therefore, the A^-homotopy groups of isotropic reductive groups can be computed 
from the singular resolution. Put differently, we find that the unstable Karoubi- 
Villamayor K-theories associated to non-split (isotropic) groups are representable 
in the A 1 -homotopy category. 

The essential input for this result is the A 1 -invariance of unstable K\ associated 
to the group G. This result has been proven by Stavrova [Stall] , extending to the 
non-split case the work of Suslin |Sus77] and Abe |Abe83j . 

Proposition 4.1. Let k be an infinite field and let G be an isotropic reductive 
group over k, i.e. each irreducible component of the relative root system of G has 
rank > 2. Then Sing A (G) has the affine Brown-Gersten property. 

Proof. This is proved exactly as in |Morl21 Theorem 8.12] resp. [WenlOl Theorem 
4.10] using homotopy invariance for unstable K\ of isotropic groups from [Stall! 
Theorem 6.1]. □ 

Corollary 4.2. Let k be an infinite field, and let G be a group satisfying the 
conditions in \Proposition Then there are isomorphisms 

7r 4 (Sing Al (G)(A)) (nf (G))(A) 
for any essentially smooth k-algebra A and any i > 0. 



Proof. This follows from |Corollary 374] and [Proposition 4.1[ 



□ 



ON A^FUNDAMENTAL GROUPS OF ISOTROPIC REDUCTIVE GROUPS 



7 



The simplest case is the determination of the A 1 -connected components of G. 
The following result was formulated without proof in |GillOj . 

Corollary 4.3. Let k be an infinite field, let G be an isotropic group satisfying 
the conditions in \Proposition J^.l\ and denote by E(L) the elementary subgroup of 
G{L). Then there are isomorphisms 

(nf(G))(L)=G(L)/E(L) 
for any finitely generated separable extension L/k. 

Proof. This is a consequence of the results of Margaux [Mar09 and |Corollary 4.2 

□ 

Remark 4.4. (i) The Whitehead group W(G,L) := G{L)/E{L) was studied by 
Tits [Tit64 a . Tits used the notation G° L for the subgroup of G(L) generated 
by unipotent radicals of proper parabolics. This group is nowadays commonly 
denoted by G(L) + , and by the results of Petrov and Stavrova, cf. \ Theorem 2.3\ 
can be identified with E(L). 
(ii) In particular, the groups in |Pla75) provide examples of simply- connected al- 
most simple algebraic groups which are not A 1 -connected. Moreover, for most 
of the rank two groups of adjoint type, the groups of connected components 
can be obtained from the computations in [TWO 21 Chapter 37] . 

The above result in particular implies that 77* (G) can be identified with the 
fundamental group 77i(G(fc[A n ])) of the singular resolution. We show in the next 
section that the latter can in turn be identified with the second homology group of 
G(k). 

5. The second homology as fundamental group 

In this section, we identify the second homology group H2{G(k),1) with the 
fundamental group of the singular resolution Sing* (G)(fc). This is a 77i-version 
of Margaux's results in |Ma r09 and uses homotopy invariance for homology of 
isotropic reductive groups [Wenllj - the latter is also a consequence of Margaux's 
results on the action of isotropic reductive groups on the building. 

We recall the formulation of homotopy invariance for homology of linear groups, 
cf. [Wenlll Theorem 1.1]: 

Theorem 5.1. Let k be an infinite field and let G be a simply- connected smooth 
linear algebraic group over k. Then the canonical inclusion k <— >• k[T] induces 
isomorphisms 

H.(G(k),Z) A H.(G(k[T]),Z). 

We now show that homotopy invariance for homology of linear groups can be 
used to identify the fundamental group of the singular resolution G(fc([A*])) with 
the second group homology. Using the singular resolution from IDcfinition 2.11 we 
define for an isotropic reductive group G simplicial groups G(fc[A*]), E G (k[A']) 
and St (fc[A*]) associated to the group, its elementary subgroup and its Steinberg 
group. We define further simplicial objects: denote by K G (k[A*]) the singular 
resolution as in IDcfinition 2.11 of the functor 

A ^ K§{A) := kcr (St G (A) -> E G (A)) , 

by UE G (k[A']) the singular resolution of the functor A n- UE G (A) which assigns 
to each algebra A the universal central extension UE G (A) of the perfect group 
E G {A) (cf. IThcorcm 2.4|) . and by H G (k[A']) the singular resolution of the functor 

A h> H G {A) := H 2 (G(A),Z) = kcr (UE G (A) -> E G {A)) . 
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We chose slightly unusual notation in H G to distinguish the above object from 
i?2(G(fc[A']), Z) which has a different meaning. 
With these notations, we have the following: 

Lemma 5.2. There are fibre sequences of simplicial sets: 

H G (k[A']) -> UE G {k[A']) -» E G (k[A'}), and 

K G (k[A']) -> St G (fc[A']) -> £ G (fc[A']). 

Proof. It follows from Moore's lemma, e.g. [GJ99] Lemma 1.3.4], that the mor- 
phisms UE G {k[A'\) -> £ G (fc[A']) and St G (fc[A*]) -> £ G (fc[A']) are fibrations of 
fibrant simplicial sets. The fibres are by definition H G {k[A']) and if G (fc[A*]), 
respectively. □ 

Proposition 5.3. Let k be an infinite field, and let G be an isotropic reductive 
group over k. Then the boundary morphism £IE G (fc[A*]) — > H G (k[A'\) associated 
to the fibration UE G (k[A m }) — > _E G (fc[A*]) induces an isomorphism: 

7n(£; G (fc[A']),l) H 2 (G(k),Z). 

If the Steinberg group does not have non-trivial central extensions, i.e. for all n 

St G (fc[A"])/ [^ 2 G (fc[A"]),St G (fc[A™])] -^E G {k[A n ]) 

is the universal central extension, then the boundary morphism ftE G (k[A m ]) — > 
K%{k[A'\) associated to the fibration St G (A;[A*]) -> E G {k[A*\) induces an isomor- 
phism 

n 1 (E G (k[A']),l) A^ G (fc). 

Proof. By [Wenllj . all the usual maps (inclusion of constants, evaluation at 0) 
induce isomorphisms H2{G(k),Z) = H2(G(k[T]), Z). Therefore, we have 

7r (H G (k[A m })) = H 2 (G(k),Z), and 7ri(fl?(fc[A'])) = 0. 

Moreover, E G (k) and St G (fc) are generated by X a (u), u e V a . These elements are 
all homotopic to the identity by the homotopy X a (uT). Therefore, 

ME G (k[A'})) = ^ (St G (fc[A*])) = 0. 

The long exact sequence associated to the fibre sequence from ILcmma 5.21 yields 
via the above computations a short exact sequence 

-> m(UE G (k[A'})) -¥ n 1 (E G (k[A'})) -¥ 7ro(flf (fc[A'])) -> 0. 

Now let E G (k[A m }) — > E G (k[A']) be the universal covering of the simplicial group 
E G (k[A m }). This has the structure of a simplicial group, and by uniqueness of 
liftings is degree-wise a central extension by ■K\{E G (k[A']j). Therefore, there is a 
factorization 



UE G {k[A']) 




E G {k[A']) — » E G (k[A']) 



which together with tti(E g (fc[A*])) = implies that the morphism 

^(C/£; G (fc[A-]))^^(i? G (fc[A-])) 

is trivial. The above short exact sequence implies the required isomorphism. 

The second claim concerning K 2 follows by the same argument, replacing U E G 
by St G (fc[A"])/[^ G (fc[A™]),St G (A;[A™])]. □ 
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Remark 5.4. (i) Note that stabilization results and homotopy invariance for al- 
gebraic K-theory show that K2, n (R[t\) — K2, n {R) for n high enough with 
respect to the dimension of R. 
(ii) If the inclusion E(R) E(R[A*]) induces an isomorphism on the homology 
of the respective classifying spaces, i. e. a weak form of homotopy invariance 
holds for group homology, then the above result holds for R in place ofk. More 
precisely, under this condition, the space U E G (i?[A*]) has the homotopy type 
of the universal covering of E G (R[A m ]). 

(Hi) As in [Wenll] . homotopy invariance for group homology together with ho- 
motopy invariance for K\ implies an identification of H^(G(k),Z) with the 

^(Sing* (G)(/c),Z), where the former is group homology of the abstract group 
and the latter is homology of the simplicial space Singf 1 (G)(fc). This could 
be used to provide explicit descriptions of elements in 7rf (G)(fc) for isotropic 
reductive G. 

6. Explicit description of loops and relations 

In this section, we use the identification of second group homology with A 1 - 
fundamental groups to get some information about A^fundamental groups. We 
assume G is a Chevalley group, and give an explicit description of the isomorphism 

ff a (G($,fc),Z) A7ri(G(*,fc[A']),l). 

Definition 6.1. Let $ be a root system and let R be a ring. Denote by G($,i?) 
the R-points of the split group G($), by E(<fr,R) its elementary subgroup and by 
St(<I>,i?) the corresponding Steinberg group. For every a G $ we denote by x a (u) 
the corresponding root group elements and then define morphisms 

X a : G a (R) ->• E(®,R[T\), R3u^ X%(u) := x a (Tu), 

W a : G m (R) -> £■($, R[T}), R x 3 u ^ W${u) := X^X^^u-^X^u), 

H a : G m (R) -> E(<f>,R[T}), R x 3 u i-» H%(u) := W% (u)W$ (l)' 1 , 

C a :G m xG m ^ E(<S>,R{T}), 

R x x R y 3 (a,b) ^ C«(a,&) := H^(a)H^(b)H^,{ab)- 1 e E(<I>,R{T}). 

We will use the same letters with a tilde to denote the corresponding lifts to St(<£>, i?[A*]) ; 
for example C a : G m x CJ m — > St($,i?[A"]) is the map 

(a,b) ^ Gg(a,6) := H^(a)H^(b)H^{ab)- 1 e St($, R[T}). 

This is a direct translation of the Steinberg symbols for H2 into loops. 

Example 6.2. We give an example of the "symbol loops" in the group SL,2. With 
the obvious choice x a {u) = e\2(u), we have 

C%{u,v) = ( 1 ° ) +T(T 2 - l) ( 1 ~ u y L ~ v) D%(u,v), where 




□ 



Remark 6.3. Philosophically, what is happening here is the following: choosing 
a maximal torus in G, associated root system and root subgroups x a allows to 
write down a contraction of the (elementary part of the) torus, i.e. a homotopy 
H : T x A 1 — > G, where H(—,0) factors through the identity 1 £ G and H(—, 1) 
is the inclusion of T as maximal torus of G. This is nothing but a more elaborate 
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version of the lemma of Whitehead. After fixing such a contraction, there is a 
preferred choice of path H(u) for any u £ T . Given two units in the torus, one can 
concatenate the paths H{u), uH(v) and H^uv)^ 1 to obtain a loop. This is basically 



what happens in Definition 6.1 



Example 6.4. The translation between elements (and symbols) in the Steinberg 
group and loops (and symbol loops) in the singular resolution G(<j>,fc[A*]) is given 
as in covering space theory: 

(i) An element of the Steinberg group is given by a product y = WiX^Kui). 
Setting yx = Hi x a{Tui) produces a path in E(Q, R[T]). If y is in the kernel of the 
projection St($, R) — > E(Q, R), the path yx is in fact a loop. 

(ii) A path yx £ E(&,k[T]) with j/t(0) = 1 can be factored as a product of ele- 
mentary matrices J\ i x ai (fi(T)), which in turn can be lifted to St($, fc[T]). Evalu- 
ating at T = 1 yields an element Ili ^ St($,i?). // the path yx was in 
fact a loop, then the resulting element Yii^oiifii^)) ^ St($,i?) lies in fact in the 
kernel of the projection St($, R) E($, R). □ 

It is then possible to derive elementary relations between the above loops in just 
the same way as the relations for Steinberg symbols in |Mat69j . 

Example 6.5. The contraction of the torus Hj,(u) is chosen such that H^(l) is the 
constant loop. From this, it follows immediately that C^(x, 1) = G^(l, x) — 1 for 
all x,y £ k x . The symbol loops G^ {x, y) in G($, k[T]) are not central on the nose, 
but are central up to homotopy because the fundamental group of a simplicial group 
is abelian, and conjugation by paths acts trivially on the fundamental group. Then 
the conjugation formulas in [Mat69> Lemma 5.2] can be translated into statements 
of homotopies between corresponding products of paths Wx (u) resp. (u) . In 
particular, (weak) bilinearity of symbol loops in the fundamental group can be proved 
exactly as in Mat69 . For details, cf. |Voell) □ 

It is not clear how to prove the Steinberg relation simply by computing with loops 
and homotopies inside E(k[A']). This can, however, be done using A^homotopy 
theory, cf. |Corollary 7.2| Also, the two statements that all loops are homotopic to 
loops of the form given above, and that bilinearity and the Steinberg relation are 
all the relations between loops, are not easy to prove using only computations in 
E(k[A'}). 

7. The Steinberg relation from A 1 -homotopy theory 

In the case of split groups, the Steinberg relation in _ff 2 (G(fc), Z) can be deduced 
from A 1 -homotopy as follows. We denote by E and the simplicial suspension and 
loop space functors, respectively. It was noted by Hu and Kriz jHKOll Prop. 1] that 
the Steinberg relation can be formulated and holds in the A^homotopy category 
after a single simplicial suspension: 

Proposition 7.1 (Hu-Kriz). Let s : A 1 \ {0,1} — > G m A G m be the Steinberg 
morphism a M> (a, 1 — a). Then there exists a space X and a commutative diagram 

A 1 \ {0, 1} 3 ► G m A G m 

A 1 >X 

with the suspension of ip being an A 1 -local weak equivalence. 

From this, it is possible to deduce the Steinberg relation for the elements in the 
A 1 -fundamental group, using the affine Brown-Gersten property and the simplicial 
adjunction: 
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Corollary 7.2. Let C : G m A G m — > f2G, be any morphism with G, a simplicial 
group satisfying the affine Brown- Gersten property for the Nisnevich topology. Then 
the composition with the Steinberg morphism C o s : A 1 \ {0, 1} — > f2G. has trivial 
homotopy class in the simplicial and A 1 -local homotopy category. 

Proof. In the simplicial model category, we have the usual adjunction between 
suspension and loop space [EX, Y] s = [X, iTY] s . If X is cofibrant and Y fibrant, 
then there is an isomorphism [X, Y) s = [X, Y]&i between simplicial and A 1 -local 
mapping spaces, therefore there is an identification [EX, Yj&i = [X,Q,Y]&i. 

Choose a fibrant resolution r : G, — > Ex^(G.). Under the adjunction, the 
morphism r o C o s corresponds to the composition 

EA 1 \ {0, 1} EG m A G m Ex^(G.). 

By |Proposition TA\ this composition factors through the A^contractible space EA 1 
and is therefore trivial. More specifically, we have the following equality in [EA 1 \ 
{0,l},Ex£(G.)] A i: 

r o C ad o Ss = r o C ad o ES o Et = r o C ad o = 0. 

This implies the A 1 -local statement. 

By [Proposition 4.l| and |Corollary 3.4 we have a weak equivalence of mapping 



spaces 

[A 1 \ {0, 1}, G.] s S [A 1 \ {0, 1}, Ex£ (G.)] A1 . 
This implies the simplicial statement. □ 

The result implies that for split G all the loops C a (u, 1 — u), u E k x , described 
in Section [5] are contractible in the singular resolution 7Ti(Sing A (G)(fc)): the sym- 
bol C a (x,y) can be interpreted as a morphim of simplicial groups G m x G m — ¥ 
fiSing^ 1 G. But since G Q (l,y) = C a (x, 1) = 1 is equal to the identity, this mor- 
phism factors through a morphism of simplicial presheaves G m A G m — > Sing* G. 
The above corollary then yields the Steinberg relation. Even better, since Sing* G 
has the affine Brown-Gersten property, there is a single algebraic morphism A 1 \ 
{0, 1} x A 1 — > G realizing all the Steinberg loops C a (u, 1 - u), u e k x \ {1} at 
once; and there is a single algebraic homotopy (A 1 \ {0, 1} x A 1 ) x A 1 — > G pro- 
viding all the contractions of Steinberg loops at once. This is one instance where a 
computation in group homology can be deduced from A 1 -homotopy theory. 

We want to point out the following generalization of the Steinberg relation for 
non-split groups. Let D be a central simple algebra over k. There is an associated 
reduced norm which can be interpreted as a regular morphism Nrdu : A dlm D — s- A 1 . 
In A dlmD we have two open subschemes, the linear algebraic group GLi(D) defined 
by Nrdo(u) ^ 0, and another open subscheme Ud defined by Nrd£>(u) ^ and 
Nrdc(l — u) ^ 0. There is an obvious analogue of the Steinberg morphism 

s D : U D -> GL X {D) x GL X {D) -> GL X {D) A GL X (D) : u i-> (u, 1 - u). 

Proposition 7.3. Let sd ■ Ud —> GL X (D) A GLi(D) be the Steinberg morphism 
defined above. Then there exists a space Xd and a commutative diagram 

Sn 

U D > GL^D) A GLx{D) 



i 

sd 

^dimD > x D 



D 



with the suspension E^d ofipD being an A 1 -local weak equivalence. 
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Proof. The argument is the same as in HK01 , replacing A 1 by A dunD , G m by 
GLi(D), and A 1 \{0, 1} by Ud- The varieties V and W have to be replaced by Vd = 
[y — 1 = xz, y ^ 0] and Wd = [x — 1 = j/z,i / 0] where the multiplication on the 
right-hand side is now in D. The space Xp is then the pushout Vd ^gl 1 (D)xGL 1 (d) 
Wd- With these replacements, the proof in [HK01] goes through. □ 

Remark 7.4. (i) The same assertion holds for non- associative alternative divi- 
sion algebras A, even though GL\(A) is no longer a group, 
(ii) An argument as in the split case can now be used to deduce the Steinberg 
relation in H2(SL n (D),'E), n > 3 from A 1 -homotopy. In these cases, the 
Steinberg relation states c(u, 1 — u) — for u,l — u G GL\{D). Again we 
find that all Steinberg relations are given by a single algebraic map Ud x 
A 1 — > SL n {D), and they are all contracted by a single algebraic homotopy 
{U D x A 1 ) x A 1 -> SL n (D). 
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